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Stability of Gyroscopes Orbiting in
a Gravitational Field
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When the output axis of a single-degree-of-freedom gyroscope is fixed in a rotating satellite,
and the gimbal ring is connected to the satellite by means of a spring and damper, the spin
axis (rotor axis) of the gyro, if initially at rest relative to the satellite, may tend to return to
its initial position subsequent to a small disturbance, in which case the system is said to be
"stable," or it may seek some position other than the initial one, a state of affairs termed
"unstable." As might be expected, the motion of the satellite, the physical characteristics
of the gyro, such as inertia properties, spring constants, etc., and the spin rate of the rotor
all have an effect on stability, and the relationship between stability and the values of various
system parameters is rather complex. The present paper consists of a detailed exploration
of this relationship.

Introduction

^TABILITY of a single-axis gyro mounted on a vehicle
^ in a circular orbit was discussed in this journal by
Thomson,1 who dealt with motions during which the spin
axis of the gyro is either normal or parallel to the plane of the
orbit, whereas the output axis is aligned with the local verti-
cal, with the flight-path tangent, or with a line fixed in inertial
space. The effect on stability of connecting the gimbal ring
and the vehicle with a restoring spring was considered in two
of the four cases treated.

The present paper extends Thomson's work in the follow-
ing respects: motions not examined previously are studied,
energy dissipation is taken into account, and the inertia
properties of the gimbal ring are included in the analysis.

The paper is divided into two parts. The first contains a
description of the system under consideration, the differential
equation governing all motions of the system, and a discus-
sion of the equilibrium solutions of this equation. In the
second part, the stability of the equilibrium solutions is
analyzed.

Dynamics

Figure 1 is a schematic representation of a satellite vehicle
V, gimbal ring G, and rotor R in a general configuration. G
and V are connected to each other by a spring-and-damper
unit S. The (constant) orbital rate of the vehicle is desig-
nated by 17, whereas co denotes the angular speed of R relative
to G. It is assumed 1) that R is driven (by means of a motor,
not shown) in such a way that co remains constant, making it
possible to express co as

co = s!2 (1)

where s is a dimensionless constant; and 2) that V is made
to move in such a way that the angle 0 between the flight-
path tangent and the output axis, which lies in the orbit
plane, is given by
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where <£0 and n are (dimensionless) constants. The system
comprised of R and G thus possesses only one degree of
freedom; and the angle 6 between the normal to the orbit
plane and the spin axis of the gyro serves as the associated
generalized coordinate.

The inertia properties of R and G are described as follows:
R has a moment of inertia / about the spin axis, and a mo-
ment of inertia / about any axis passing through the mass
center of R and perpendicular to the spin axis. It is presumed
that the mass center of G coincides with that of R and that
the spin axis, the output axis, and a line perpendicular to
both of these and passing through their point of intersection
are all principal axes of inertia of G, the corresponding mo-
ments of inertia being A, B, and C, respectively. For later
use, it is convenient to define two (dimensionless) inertia
parameters, r and r*, as

r = J/(I + B)
r* = (7 + C - A)/(7 + B)

(3)

(4)

Since the sum of two principal moments of inertia always
exceeds the third principal moment of inertia, / and J satisfy
the inequality 27 > /, whereas A, B, and C are subject to the
requirement A + B > C. Consequently, the only values of
r and r* having physical significance are those lying in the
ranges 0 < r < 2 and 0 < r* < 1. It can be seen from Eq.
(4) that r* » 1 may be interpreted as representing either
the case of a "light" gimbal ring (i.e., A, B, and C all neg-
ligible in comparison with 7), or the case of a "thin" gimbal
ring (i.e., A + B « Q.

To complete the description of the system, the character-
istics of the spring-and-damper unit S must be brought into
evidence. It is assumed that the spring exerts a restoring
torque of magnitude c\0 — 8\, where c is a constant and 0 is
the value of 0 when the spring is undeformed. The (dimen-
sionless) parameter cr, defined as

= C/(I + £)122 (5)

may be used to eliminate c whenever this appears desirable.
Finally, the damping action of S consists of a resisting torque

magnitude d\6\, where d is a constant, and the (dimensionless)
parameter 5, defined as

characterizes this effect.
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A detailed derivation of the differential equation governing
the angle 6 is given in the Appendix. When primes are used
to denote differentiation with respect to a (dimensionless)
variable r, defined as

r = Qt (7)
where t is the time, this differential equation is

0" + ddf + *(0 - 0) + {sr(l + n) + (r - r*) X

[(1 + n)2 + 3 cos2(00 + nr)] cos0} sin0 = 0 (8)

where the term that depends explicitly on T represents the
gravitational torques associated with R and G.

Any constant value 0 of 6 that satisfies Eq. (8) is called an
equilibrium solution. Now, with 0=8, Eq. (8) involves T
explicitly, unless sin0 = 0, cos0 = 0, n = 0, or r = r*. At
least one of these requirements must, therefore, be fulfilled
in order that 8 be an equilibrium solution, and this fact sug-
gests the following classification.

Class 1 contains all cases for which

= 0 (9)
Furthermore, Eq. (8) then requires that

0-0 = 0 (10)

Class 2 corresponds to

0 = 7T/2 (11)

and, from Eq. (8),

<r[(ir/2) - 0] + sr(l + n) = 0 (12)

Class 3 consists of cases for which

0 < 0 < 7T/2 (13)

and

n = 0 (14)

so that, from Eq. (8),

<r(0 - 0) -f [sr + (r - r*)(l + 3 cos2<£o) cos0] sin0 - 0
(15)

Class 4 again deals with

0 < 0 < 7T/2

but now

r = r

and Eq. (8) reduces to

(7(8 - 6) + sr(l + n) sin0 = 0

(16)

(17)
In the present notation, the four cases treated by Thomson

can be described as follows :
Case 1

= 0
n = 0

r* = 1
Case 2

n = 0
r =

Case 3

Case 4
S = 0 = 7T/2 n = -1

= 0

5 = 0

r* = 1

= 1

The first three are seen to belong to class 1, while the fourth
falls into class 2.

Fig. 1 Orbiting gyroscope.

Stability

To study the stability of the various equilibrium solutions,
a new dependent variable y is introduced by setting

0 = 6 + y (18)
in Eq. (8), all functions of y are then expanded in powers of
y, first-degree terms only being retained. This gives

y" .+ 5y' + {a- -f sr(l + n) cos0 + (r - r*)[(l + n)2 +
3 cos2(<£0 + nr)} cos2d}y + {a((J - 0) + sr(l + n) sin0 +

(i) fr ~ ^*) [(1 + ™)2 + 3 cos2(4>0 + nr) ] sin2£} = 0 (19)

The four classes of equilibrium solutions are now character-
ized as follows.

Class 1: 0 = 0

As a consequence of Eqs. (9) and (10), Eq. (19) can be re-
duced to

y" + dy' + {a + sr(l + n) + (r - r*)[(l + n)2 +
3cos2(<£0 + n r ) ] } y = 0 (20>

Fig. 2 Stability chart for y" + (a +
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Equation (20) is an equation with constant coefficients if
either n or r — r* vanishes. Class 1 can thus be subdivided
as follows.

Class la: n = 0

Equation (20) is now the equation of a damped harmonic
oscillator, and the associated stability criterion is

<r + sr + (r - r*)(l + 3 cos2</>0) > 0 (21)

(With r* = 1, this becomes Thomson's Eq. (5) if </>0 = 0,
and Eq. (8) if a = 0 and 00 = • ir/2.)

Class Ib: r = r*

i Again, the coefficient of y in Eq. (20) must be positive for
stability:

a + sr(l + n) > 0 (22)

Class lc: n ^ 0, r ^ r*

Here it is convenient to introduce a new independent
variable x as

x = 2(4>0 + NT) (23)

Equation (20) then becomes

d*y/dx* + y(dy/dx) + (a + ft cosx)y = 0 (24)

where a, 5, and 7 are defined as

a = (l/4n2)[<r + sr(l + n) + (r - r*) X
= 38^2 r - r*) (2.5 + 2n + n2)] (2fi)

7 = «/2|n|
The relationship between the stability of the solutions of

Eq. (24) and the parameters a, ft, and 7 has been investigated
in detail by G. Kotowski2 and can be displayed in the form
of a stability chart, as shown in Fig. 2. The stability of a
particular motion can thus be tested as soon as the system
parameters have been specified. For example, suppose
that the output axis is fixed in inertial space, so that n = — 1
[see Eq. (2)] and assume that the inertia properties of the
rotor and the gimbal ring are such that r — r* = 1. Then
a = 0.25 cr + 0.375, ft = 0.375, 7 = 0.5 <5, and Fig. 2 can be
used to select various combinations of a and <5, i.e., to "de-
sign" the spring-and-damper unit in such a way as to insure
stability. For instance, with a = 0, the point of interest in
Fig. 2 is the point a = ft = 0.375, and it appears that 7 > 0.2,
and hence d > 0.4, is required for stability. Or, if damping
cannot be depended upon for practical reasons, i.e., d ~ 0
and hence 7 — 0 , then Fig. 2 shows that a > 0.41, i.e., a >
0.14 becomes the stability condition. [Thomson's case 3 is
obtained by taking a = 0, n = — 1, r* = 1, and d = 0 in
Eqs.(25).]

Class 2: 0 = ir/2

Substitution from Eqs. (11) and (12) into Eq. (19) leads to

y" + 8y' + {a - (r - r*)[(l + n)2 +
3cos2(<£0 + nr)]}y = 0 (26)

Hence there are again three subdivisions:

Class 2a: n = 0

For stability,

a - (r - r*)(l + 3 cos2<£0) > 0 (27)

o- > 0 (28)

Class 2b: r = r*

For stability,

Class 2c: n 9* 0, r M r*

When x [see Eq. (23)] is again used as the independent
variable, Eq. (26) assumes the form of Eq. (24), and Fig. 2
furnishes the relevant stability information, provided that a,
ft, and 7 be defined as

a = (l/4n2)[cr+(r-r*)(-0.5
ft = _(3/8n2)(r - r*)
7 = 5/2\n\

(29)

(Thomson's case 4 is obtained by again taking a = 0, n =
-l,r*= 1, and 5 = 0.)

Class 3: 0 < g < x/2, n = 0

Equations (19, 14, and 15) now give

y" + dy' + [o- + sr cos<9 + (r - r*) X
(1 + 3 cosVo) cos26]y = 0 (30)

For stability, it is thus necessary that

<r + sr cos# + (r - r*)(l + 3 cos200) cos20 > 0 (31)

Class 4: 0 < g < ir/2, r = r*

Equations (19, 16, and 17) lead to

y" + dy' + [a + sr(l + n) cos% = 0 (32)

so that the stability condition becomes

o- + sr(l + n) costf > 0 (33)

Table 1 is intended to facilitate the use of these results.
The numbers appearing there refer to equations numbered
correspondingly, the first one in each box designating the rele-
vant equilibrium condition and the second the associated
stability criterion.

Appendix

Let (TR)g and (TG)g be the gravitational torques, and
(TR)i and (TG)i the inertia torques for the rotor R and the
gimbal ring G, and let (TG)C be the resultant moment about
the mass center of the system of all contact forces exerted on
G by the vehicle V. Then, in accordance with D'Alembert's
Principle,

(T*), + + (T*)i + (Tfy + (T*), - 0 (Al)

Table 1 Summary of results

n = 0 10,
10,

r* 10,

8 =
21
22
25,

= 0

and Fig.

0

2

< S < T/2<
15,31
17,33

0-
12,27
12, 28
12, 29,'

2

T/2

and Fig.
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Let a*, b;, c», with i = 1, 2, 3, be three sets of unit vectors,
the vectors of each set being mutually perpendicular, as indi-
cated in Fig. 3. Then (TG)C can be expressed as

- [c(0 - 0) (A2)
where 5 and 53 represent the action of the gimbal bearings.
To eliminate BI and 53, note that c2 is perpendicular to both
bi and b3, and dot-multiply Eq. (Al) with the unit vector
c2 after using Eq. (A2) :

c2- [(T*), + (T*), + (T«), + (T*)*] = c(6 - 6) + dd (A3)
(Tfi)ff and (T^ are given by

(T«), - 3^2
ai X (I«-ai) (A4)

(T*), = 302
ai X (P-aO (A5)

where Ift and IG, the centroidal inertia dyadics of R and G,
can be expressed as

1G =
/C2C2 + /C3C3

Ac3c3

(A6)
(A7)

the unit vectors Ci, c2, and c3 being parallel to centroidal prin-
cipal axes of both bodies. Furthermore,

cos# Ci — si sin0 c3

Consequently,

and

)ff = 302(J - /) cos20 sin(9

[see Eqs. (A4, A6, and AS)]

(A8)

(A9)

= 3Q2(C - A) cos2<^> sin(9 cos(9 (A10)

[see Eqs. (A5, A7, and A8) ]
The contributions of the inertia torques (Tfl)4- and (TJ)

to Eq. (A3) are given by

C2.(T*)< = -[I a*° - (A- Ou^*] (All)

cvCTfy = -[Ba2°'- (A - Owa^coi*] (A12)

where the a's and co's are angular acceleration and angular
velocity measure numbers, and the subscripts refer to Ci, c2,
and c3. For R, these are found as follows:

(A13)

(A14)

(A15)

(A16)

[see Eqs. (A13) and (A14)]

[see Eqs. (A13) and (A14) ]

[see Eqs. (A17) and (A13)]

To find the corresponding expressions for G, it is only
necessary to replace R with G and to set s equal to zero. Thus

[See Eq. (A15)] (A19)
u3o = (l + n)0 cos^ [see Eq. (A16) ] (A20)

af = B [seeEq. (A18)] (A21)

and Eqs. (All) and (A12) now lead to

c2.(T*); = -IB - (1 + n)122 sin^[s/ +
(1 + n)(/ -/) cos0] (A22)

and to
c2'(TG){ = -B8 - (1 + ri)*W(A - C) sin^ cos^ (A23)

Substitution from Eqs. (A9, A10, A17, and A18) into (A3)
gives
302(7 - / + C - A) cosV sin0 cos6» - (/ + B)8 -

(1 + n)ft2 smd[sJ - (1 + n)(7 - / + C - A) cosO] =
c(0 - 0) + d6

and this, after division by (7 -1- £)£22 and use of Eqs. (2-6),
yields

= 0
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